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GEOMETRIC CONDITIONS FOR THE L^-BOUNDEDNESS OF SINGULAR 
INTEGRAL OPERATORS WITH ODD KERNELS WITH RESPECT TO MEASURES 

WITH POLYNOMIAL GROWTH IN 

DANIEL GIRELA-SARRION 


Abstract. Let /i be a finite Radon measure in with polynomial growth of degree n, although not 
necessarily n-AD regular. We prove that under some geometric conditions on p that are closely related to 
rectifiability and involve the so-called /3-numbers of Jones, David and Semmes, all singular integral operators 
with an odd and sufficiently smooth Calderon-Zygmund kernel are bounded in As a corollary, we 

obtain a lower bound for the Lipschitz harmonic capacity of a compact set in R^^ only in terms of its metric 
and geometric properties. 


1. Introduction 


We say that a function A:: x \ {(x, y) GW^xW^:x = y} is an n-dimensional Calderon-Zygmund 

kernel if there are constants c > 0 and 0 < 5 < 1 such that 

Q 

\kix,y)\ < - -- a 

\x - yr 

and 

(1) \k{x,y) - k{x',y)\ + \k{y,x) - k{y,x')\ < if \x - x'\ < ^ 


Given a signed Radon measure in and a; G we define 


Tl'{x) 


k{x,y)di/{y), a; € R"^ \ supp(i/) 


and we say that T is a singular integral operator with kernel k. The integral above need not be convergent 
for X G supp(j^), and this is why one introduces the truncated operators associated to T, which are defined, 
for every e > 0, by 

Tgiy{x) = [ k{x,y)dv{y), a; G R^*. 

J\x-y\>e 

Notice that the integral above is absolutely convergent if, for example, jz/KR'^) < oo. 

If ^ is a fixed positive Radon measure in R'^ and / G we set 

U/(a;) = T{fn){x), a; G R^* \ supp(^) 


and, for e > 0, 

U.e/(d =X(/M)(d, azGR'". 


We say that is bounded in if there is a constant C > 0 such that, for all e > 0, ||7)i,e/|< 

C'l I/I for all / in The norm of is the infimum of all those constants C (an analogous definition 
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is used to define the boundedness of in other spaces). Probably, the most important examples of this 
class of operators are the n-dimensional Riesz transform, given by 

and its one-dimensional analog in = C, the Cauchy transform, defined by 



In this paper, we study L^(^)-boundedness of Calderon-Zygmund operators with sufficiently smooth 
convolution-type kernels. More precisely, we will consider kernels of the form k(x,y) = K(x — y), where 
K: R.‘^\ {0} —>■ R is an odd and function that satisfies 

\V^K{x)\ < for aWx^O and j G {0,1,2}. 

\x\n+J 

It is easy to check that the inequalities above imply that fc is a Calderon-Zygmund kernel with J = 1 in (fl]l. 
We will denote by /C"(R‘^) the class of all these kernels. 

In |To3| ■ Tolsa proved the following resullQ: 

Theorem A. Let y be a Radon measure in C without atoms. If the Cauchy transform is hounded in 
L^{p), then all 1-dimensional Calderon-Zygmund operators with kernels in /C^(C) are also bounded in 

lHp). 

In order to prove this result, Tolsa relied on a suitable corona decomposition for measures with linear 
growth and finite curvaturc0 and split the operator T into a sum of different operators K^, each of which 
are associated to a tree of the corona decomposition. The operators Kn are bounded because on each tree 
the measure y can be approximated by arc length on an Ahlfors-David regular curve and, moreover, the 
operators Kji behave in a quasiorthogonal way. However, as that corona construction relied heavily on the 
relationship between the Cauchy transform and curvatures of measures, it could not be easily generalized to 
higher dimensions. Nevertheless, using a new corona decomposition that involves the /3-numbers of Jones, 
David and Semmes instead of curvature and is valid for all dimensions, Azzam and Tolsa [AT] have recently 
proved the following: 


Theorem B. Let y be a finite Radon measure with compact support in C with linear growth, 
e > 0, 



Then, for all 


Some notions need to be defined here: first of all, a Borel measure y in is said to have polynomial 
growth of degree n if there is a constant cq > 0 such that fj,[B{x,r)] < cgr'^ for all a; G and all r > 0 
(when n = 1, /i is said to have linear growth). Secondly, given a ball B{x,r) C R'^, we define 




fi{B{x,r)) 


Finally, for 1 < p < oo, the /?" coefficient of a ball B with radius r{B) is defined by 


= inf 


fBY 


f dist(p,L) 
V r(H) 


dy{y) 


where the infimum is taken over all n-planes L C R'^. It is worth mentioning that these coefficients are 
a generalization of the /3 numbers introduced by Jones in [J], where he used them to characterized compact 


^Tolsa’s result in ITo3l is actually stated for operators with smoother kernels than the ones we consider here. However, after 
the publication of |To5| . it is obvious that it can be generalized to obtain Theorem m 

^We will not enter into details about curvature of measures and its relationship with the boundedness of the Cauchy transform 
here, but an interested reader is encouraged to read |To6l Chapters 3 and 7] for further information on this issue. 
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subsets of the plane that are contained in a rectifiable set. Furthermore, David and Semmes proved in |DS1| 
that an n-AD-regular measure ^ is uniformly rectifiable if, and only if, there is some constant c > 0 such 
that, for every ball B with centre on supp(/i), 



Very recently, Azzam and Tolsa (see |AT) and |To 8 ) 1 have shown that a positive and finite Borel measure 
/r in with 


0 < lim sup 0 " (x, r) < oo for /j, — a.e. x € 


r —^0 


is n-rectifiable if, and only if, 

(3) 


f < oo 

JO 


for /r-a.e. x € 

Using the corona decomposition from m, we prove the following result: 


Theorem 1. Let ^ he a finite Radon measure in with polynomial growth of degree n and such that, for 
all balls B C with radius r{B), 

r rr(B) , 

(4) / / l3l,{x,rf8;{x,r)-df,{x)<yi{B). 

Jb Jo 

Then, all Calderon-Zygmund operators with kernels in are bounded in 


Notice that Q is a quantitative version of (I3|), just like ([2]), with no assumptions on the AD-regularity 
of pL. A trivial example of a measure p that is not n-AD-regular and satisfies (HI) is the area measure on 
a square (with d = 2 and n = 1). Of course, the most interesting examples with regard to this result will 
arise from measures that have some n-dimensional nature (e.g., measures supported on sets with Hausdorff 
dimension equal to n). 

When n = d — 1, the previous result can be applied to get an interesting estimate for the Lipschitz 
harmonic capacity. Recall that the Lipschitz harmonic capacity of a compact set A C R'^ is dehned by 

k{E) = sup|(A(^, 1)1, 

where the supremum is taken over all Lipschitz functions (/?: R'^ —>■ R that are harmonic in R'^ \ A with 
||V(/?||oo < 1- Here (A(/?, 1) denotes the action of the compactly supported distributional Laplacian /S.(f 
on the function 1. This notion was introduced by Paramonov [P] to study the problem of harmonic 
approximation on compact subsets of R'^ and, as it was proved by Mattila and Paramonov in [MPj . serves to 
characterize removable sets for Lipschitz harmonic functions as those sets E with k,{E) = 0. From Theorem 
HI we obtain the following: 


Corollary 1. Let E he a compact set in R"+^. Then, 

(5) k{E) > sup fi{E), 

where the supremum is taken over all positive Borel measures p, supported on E such that 


( 6 ) 


sup |0”(a;,i?) + / Pf,^2{x,rfe]l{x,r) — \<1. 
t'‘+Lii>o [Jo X j 


A very interesting problem would be to show that, in fact, > may be substituted by ~ in (H)) , as an analog 
to the comparabilty between the analytic capacity 7 and the capacity 7 + obtained by Tolsa in [To2] . This 
would serve to characterize removable sets for Lipschitz harmonic functions in a metric-geometric way and 
also to prove the bi-Lipschitz invariance of Lipschitz harmonic capacity, which is still unknown. Indeed, 
whenever a measure p satisfies ([51), it is clear that it also satisfies (H)) and then, arguing as in Section 8 of 
ra, one can prove that its image measure cr = pp,p under a bi-Lipschitz map ip satisfies 

a{B) < C^r{BY 
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and 


r rr{B) 1 

/ / Pa, 2 ix,rf 02{x,r) — da{x) <C^aiB), 

JbJo r 

for all balls B of radius r{B), where C^p is a positive constant only depending on the bi-Lipschitz constant 
of ip. Then, using Chebishev’s inequality, one can prove that there exists an appropriate restriction r of cr 
with ||r|| Ri ||(t|| and such that 

sup \9^{x,R)+ [ pr, 2 {x,rfe'!^{x,r) — \<Cp. 

a:eR"+i,-R>0 I JO ^ J 

The plan of the paper is the following: in Section 2, we introduce some notation and recall some results 
that will be used throughout the text; the dyadic lattice of cells with small boundaries, constructed by 
David and Mattila, is introduced in Section 3, and the new Corona Decomposition by Azzam and Tolsa is 
introduced in Section 4; the proof of Theorem [U in which we follow Tolsa’s ideas is carried out in 
Sections 5-9, and Corollary [T] is proved in Section 10. 

2. Preliminaries 


2.1. A useful estimate. 

Let /i be a positive Radon measure in such that p,{B{x, r)) < cor” for all cr € and all r > 0. Then, 
for all a: £ and all r > 0, 

ddjy) ^ Co 

, -y\>r \x-y\^+^ - r ■ 

This estimate, that can be easily proved by splitting the domain of integration into annuli {y G 2^r < 
\y — x\ < 2^+^r}, fc > 0 is commonly used in Calderon-Zygmund theory, and we will also make use of it 
several times in this paper. 



2.2. Notation. 

• As it is usual in Harmonic Analysis, a letter c will denote an absolute constant that may change 
its value at different occurrences. Constants with subscripts will retain their value at different 
occurrences. The notation A < B means that there is a positive absolute constant C such that 
A < CB, and A^i B is equivalent to A < B < A. 

• If H is a ball in we denote its radius by r{B). Given A > 0 the ball which is concentric with B 
and has radius Xr{B) is denoted by XB. 

• If /r is a positive Radon measure in and B is a ball in R'^, the average n-dimensional density of 
B is 

an/TDX _ yjdd) 

) r{B)^’ 

SO d'^{B) = 0”(a:,r) if R = B{x,r). As n will be fixed throughout the text, we will usually omit it 
to simplify the notation. 

• If /r is a Radon measure in R'^ and A C R'^, the restriction of p to A is denoted hIa or, simply, y,A, 
and it is defined by 

y[A{E) = y{E n A). 

2.3. Suppressed operators. 

In this section, we recall the definition and most important properties of the so-called suppressed operators^ 
introduced by Nazarov, Treil and Volberg in |NTVj , and that may be thought of as regular truncations of a 
Calderon-Zygmund operator. All definitions and results in this section can be found in [V]. 


Let k be an n-dimensional antisymmetric Calderon-Zygmund kernel in 
1-Lipschitz function $: R'^ —>■ R, we dehne 

1 


Given a non-negative and 


= k{x,y) 


1 -I- k{x,y)^^{x)‘^^{yy 
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Then, is also an antisymmetric Calderon-Zygmund kernel, whose Calderon-Zygmund constants do not 
depend on d) but only on those of k, such that 

( 1 ) k^{x,y) = k{x,y) if $(a;)$(?/) = 0 . 

( 2 ) I/c$ (a;, y) I < c(n) min ■ 




We denote by T<i> the integral operator associated to the kernel that is, if z/ is a signed Borel measure 
in and x G R'^, 

r$z/(x) = J k^{x,y)diy{y) 

whenever the integral makes sense. Naturally, we can also define the associated truncated operators 


and the maximal operator 


TiS,,e’^{x) 


>\x-y\>e 


k<s>{x,y)dv{y) 


T^^^:v{x) = sup |T$_£Z/(a;)|. 
£>0 


We also introduce the maximal operator associated to 

M^v{x) = sup J- - -. 

r>^{x) X 

As usual, if a is any fixed positive Borel measure in R"^, we can make these operators act on measures of 
the form fa. To simplify notation, we denote, in such a case, 

T..$/ = T$(/n), = = M^ifa). 

Lemma A. Let v he a signed and finite Borel measure in R^^ and x G R"^. 

( 1 ) Ife> $(x), 

\Tct>^e>^{x) - Tei'{x)\ < M^i'{x). 

(2) Ife<^x), 

|T$,ei/(a;) - < M^v{x). 

Finally, we state a Cotlar-type inequality that will be especially useful when dealing with suppressed 
operators T$. To do so, we introduce a couple more of maximal operators associated to any positive Radon 
measure cr in R'^: for / G L^fia) and x G R'^, 


Maf{x) = sup ■ 


1 


\f\da, M 1 /( 1 ) = sup 


1 


I/I 


^da 


r ->0 cr[B(x,3r)]’ '^’2 r>o\cr[B{x,3r)] 

Theorem C. Let a be a positive Radon measure in R*^, and let, for x G R'^, 

TZ{x) = sup{r > 0: cr[i3(a:,r)] > Cor"}, 

where Cq > 0 is some fixed constant. Let S he a singular integral operator with Calderon-Zygmund kernel s, 
with 

1 1 


|s(a;, y)\ < min 


TZ{x)"- ’ TZ{yY 

and such that So- is bounded in L^{a). Then, for all f G L^fia) and all x G R'^, 

S4ff^){x) < M^{S{fa)){x) + M i/(a;). 
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3. The dyadic lattice of cells with small boundaries 


We will use the dyadic lattice of cells with small boundaries constructed by David and Mattila in |DaMl 
Theorem 3.2]. The properties of this dyadic lattice are summarized in the next lemma. 

Lemma B (David, Mattila). Let fi be a Radon measure on E = supp(/i), and eonsider two constants 
Co > 1 and Aq > 5000 Cq. Then, there exists a sequenee {T>fc}^Q of families of Borel subsets of E with the 
following properties: 

• For each integer k > 0, Dk is a partition of E, that is, the sets Q S Dk are pairwise disjoint and 

\J Q = E. 

• If k,l are integers, 0 < k < I, Q € Fk and R G Fi, then either R G Q or Q r\ R = 

• The general position of the eells Q can be described as follows: for each k > 0 and each cell Q G F^, 
there is a ball B{Q) = B{zQ,r{Q)) such that 

zqGE, Aq< r(Q) < Co ^0 ^ E n B{Q) C Q C E n28 B{Q), 

where the balls 5B{Q), Q G Fk, are pairwise disjoint. 

• The cells Q G Fk have small boundaries, that is, for each Q G Fk and each integer I > 0, set 

Nr\Q) = {xGE\Q: dist(:r,g) < 

Nr\Q) = {xGQ: dist{x, E\Q) < Ag 

and 

iVj(Q) =7V“‘(Q)U7V™‘(Q). 

Then 

(8) ti{Ni{Q)) < (C-iCg-^'^-iAlo)-' ^i{Q0B{Q)). 

• Denote by Ff’ the family of cells Q G Fk for which 

(9) fi{W0B{Q))<CopiB{Q)). 

Then, for all Q GFk\ Ff’ , we have that r{Q) = and ^[100i3(g)] < Cq^ p,[l00'''^^B{Q)] for all 
I > 1 such that 100* < Cq. 

We use the notation F = Ufc>o^fc' Q G F, we set F{Q) = {P G F : P C Q}. Given Q £ Fk, we 
denote J{Q) = k. We set i{Q) = 56 Co Ajf^ = Ik and we call it the side length of Q. Note that 

^Co-MQ)<diam(g)<£(g). 

Observe that r[Q) k. diam(g) Ri (.{Q). In addition, we call zq the center of Q, and we call the cell Q' G Fk-i 
such that Q' G) Q the parent of Q. We set Bq = 28B{Q), so that 

EG^Bq cQcBq. 

We assume Aq to be big enough so that the constant Aq in ([5]) satisfies 

C-iCo-3d-i^o > > 10. 

Then we deduce that, for all 0 < A < 1, 

(10) p(^[x G Q dist(a;, E\Q) < X£{Q)}) + p(^{x G ABq \ Q : dist(a;, Q) < X£{Q)}) < cXf^"^ p{3.5Bq). 

We denote F"^^ = IJfe>o F‘^^{Q) = F^^ 0 F{Q). Note that, in particular, from Q we obtain 

m( 100 B(Q)) < CoM(g) iiQGF‘^K 

For this reason we will call the cells from 2?'**' doubling. 

As shown in [DaMl Lemma 5.28], any cell R GF can be covered /i-a.e. by a family of doubling cells: 
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Lemma C. Let R^D. Suppose that the constants Aq and Cq in LemmaW\ are chosen suitably. Then there 
exists a family of doubling cells {Qi}i^i C , with Qi C R for all i, such that their union covers p-almost 
all R. 

From now on we will assume that Cq and a-re some big fixed constants so that the results stated in 
the lemmas of this section hold. 


4. The corona decomposition 

Let p, be any measure satisfying the same hypotheses as the one in Theorem [T] (e.g., the restriction of the 
measure p presented there to any ball B) and construct the dyadic lattice V of cells with small boundaries 
associated to p that is given by LemmalBl Let Rq ^Vhe such that supp(/i) C i?o and diam(supp(^)) < ^{Ro) 
(we can assume, without loss of generality, that Vq = {i?o}), and let Top be a family of doubling cells 
contained in i?o and such that i?o S Top that we will fix below. 


For every R G Top, denote by Stop(i?) the family of maximal cells Q G Top that are contained in R, and 
by Tree(i?) the family of cells Q GV that are contained in R and not contained in any Q' G Stop(Q). Then, 
we define 

Good(i?)=i?\ IJ Q 

QeStop(i?) 


and, for Q C R, 


Sf,iQ,R)= [ 

J 2 


dpjy) 
2 Br\q \y - 


The arguments of Azzam and Tolsa m Lemma 7.2] can be easily adapted to prove the following: 


Lemma D. There exists a family Top C 'D'^^ as above such that, for all R G Top, there exists a bi-Lipschitz 
injection gn: R” —>■ with the bi-Lipschitz constant bounded above by some absolute constant and with 

image Fij = g(MA) such that 

(1) p-almost all Good(i?) is contained in F/j. 

(2) For all Q G Stop(i?) there exists another cell Q G 'D{R) with Q C Q such that 5 r,{Q,Q) < 00^(73^) 
and Bq n F/{ ^ 0. 

(3) For all Q G Tree(i?), 6^{\.\Bq) < c6^{Br). 

Furthermore, the cells R G Top satisfy the following packing condition: 


Y, 6^{BRfp{R) < e^iBn^fpiRo) + 

H^Top 



^]l,2{x,r)^e]j{x,r)^dp{x) 


5. The main lemma 

For technical reasons, we will assume that the kernel fc of T is not only in but that it is also 

a bounded function, so that the definition of Tp{x) makes perfect sense for all x G ii p is a. finite and 
compactly supported Borel measure in R'^, which is the case we are considering. However, as all of our 
estimates will be independent of the L°° norm of k, our result can be easily extended for general Calderon- 
Zygmund kernels k G by a standard smoothing procedure (see, for example, equation (44) in [Tolj L 

The following sections will be devoted to proving this result: 

Lemma 1 (Main Lemma). Let p be a positive Radon measure in R"^ with compact support and polynomial 
growth of degree n. Then, 

\\Tt\\ 12(^) <M\ + jj P^^2{x,rfd]l{x,r)^dp{x). 
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Theorem [T] follows from the non-homogeneous T(l) theorem [Toll Theorem 1.1 and Lemma 7.3] and the 
previous lemma, as it enables us to estimate \\T{xB^J)\\L^{xB^l.) balls B C Indeed, if fi is the 

measure from Theorem [1] B is a ball in and r{B) is its radius, applying Lemma [1] to the measure 
we obtain 

ll'7"(XBlt)|li2(^) < ^l{B) + jj 

where the last inequality follows directly from the hypotheses of TheoremjT] Therefore, the non-homogeneous 
T(l) theorem applies, and we obtain that is bounded in L^(^). 

To prove the Main Lemma, we will closely follow the ideas by Tolsa in |To3| . but we will use the dyadic 
lattice V associated to /i, which is introduced in Section 3, instead of the usual dyadic lattice of true cubes 
in We apply Lemma [P] to obtain a Corona Decomposition for and we decompose T/r in terms of 
that Corona Decomposition, since the terms that arise from that decomposition will be tractable. The main 
difference between our proof and Tolsa’s one will be found in Section 8, since the fact that the cells in 1) 
have thin boundaries helps us to avoid going through the process of averaging over random dyadic lattices 
to get the estimate that is proved there. 


6. Decomposition of Tfi with respect to the corona decomposition 

To estimate we will decompose with respect to the corona decomposition from Theorem 

Id] To do so, let i/; be a non-negative and radial C°° function such that 

Xb(o, 0 . 001 ) < < Xb(o,o.oi) and ||V'!/)|| < 1. 


For each fc G Z, define tpkiz) = '<p{A^z) and ipk = “fpk — '4’k+i, so that each function Lpk is non-negative and 
supported on B(0,0.Ol^l]]'*) \ i?(0, O.OOlAg and, furthermore, 

'^ipk{z) = 1 
keiy 


for all a; e {0}. 

Now observe that, for x € supp(^) we have 


Tfi{x) 


j k{x,y)d^^{y) 



/ ipkix-y)k{x,y)dy{y). 


k{x,y)dfi{y) 


Therefore, if we define 


Tky{x) 


(pk{x - y)k{x,y)dy.{y) 


Ty{x) =Y'^ky{x). 
kei- 
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we have 






Now set Vk = {i?o} whenever k <0 and Tq^ = XQ^J(Q)A^ for Q ^V. Then, 


Tfi = J2Tk^^ = E E XqTkk- 

fcez feGZ yQGUfc 

= E E XQTj(Q)fl = Y, Tg/i 

keiQ&Vk Q&T! 

= E^o^+ E f E ^0^ 

iiGTop yQ^Tree(i?) 

= E “f E 

iieTop 


where, for R G Top, 


= E 

QGTree(ii) 

and J" is a finite family of cells Q GV with ^{Q) k. diam(supp(/r)). 
Notice that for Q G T, the estimate 

lirQ/i|li=(^)< 

holds trivially. Therefore, 

2 

|2 


WTnWU,) 


< 


E 

-ReTop 


= E \\K^^^\\W) 




ReTop 


where (•, ■)ki denotes the usual pairing in i.e.. 


(/,5 )m = J fgdfJ. 


iJ.fl'GTop: ii/fl' 


The diagonal sum X]_ReTop 11 11 is will be estimated in Section 7 using the fact that, on each Tree(i?), 

fj, can be approximated by a measure of the form jyHp , where 77 is a bounded function, and T-^" is bounded 
ia Zy^(*7^p ) because T/^ is a bi-Lipschitz image of IR.^, and thus uniformly 7i-rectifiable ^see M, or the 
more classical reference [DS2) for the case where K is assumed to be C°° away from the origin). To deal with 
the non-diagonal sum /j'eTop- Kr'iAu^ ^0 rise quasi-orthogonality arguments. Here, the 

fact that the cells from V have thin boundaries will be crucial. 


7. The estimate of Eagtop ll^«Mlli2(^) 

The goal of this section is to prove the following: 

Lemma 2. 

E E d^{BRfg(R). 

RGTop ReTop 

7 . 1 . Regularization of the stopping squares. 

Pick i? G Top and define 

dR{x) = inf {\x - zq\ + (-{Q)} ■ 

QGTree(iJ) 

Notice that dR is a 1-Lipschitz function because it is defined as the infimum of a family of 1-Lipschitz 
functions. 

Now, we denote 

( 11 ) Bo{R)=B{zr, 2QA-^^Y, WR = {xGR‘^:dR{x) = 0} 
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and, for all x G Bq{R) \ Wr, we denote by Qx the largest cell Qx GV containing x and such that 

(■{Qx) < ^ inf dR{y). 

60 yeQx 

We define Reg(i?) as the family of the cells {Qx}x^Bo[R)\Wr^ which are pairwise disjoint. Note that 

Ba{R)\ U Q = WRG:Good{R). 

QeReg(ii) 


Lemma 3. Properties of the regularized stopping cells: 

(1) If Q G Reg(i?) and x G B{zQ,50i{Q)), then dR{x) ~ (.{Q). 

(2) If Q, Q'G Reg(R) are such that B{zq,I)0£{Q)) (1 B{zqi ,50£{Q')) ^ then £{Q) ^ £{Q'). 

(3) If Q G Reg{R) n V{R), there exists Q' G Stop(i?) such that Q C Q'. 

(4) If Q G Reg(i?), X G Q and r > £{Q), then 

p[B{x, r) n Br] < 0f,{BR)r^. 

Proof. (1) First, observe that by definition of Reg(i?), 

Q G Reg(i?) ^ £(Q) < ^ inf dR(g) < ^dR(zQ), 

60 y£Q 60 

that is, dR{zQ) > 60£{Q). Therefore, since dR is 1-Lipschitz and \x — zq\ < 50£{Q), 
dR{x) > dR^zq) -\x- zq\> 60£{Q) - 50£{Q) = lO^(Q). 


On the other hand, again by definition of Reg(i?), we have 

i{Q) > ^ inf dR{y), 

60 yGQ 

where Q is the parent of Q. Then, there exists y G Q such that 

dRiy) < 60£{Q) = 60Ao£{Q). 

Now, since x,y G Q and diam((5) < £{Q) = Ao£{Q), and taking into account once again that dR is 
1-Lipschitz, we get 

(12) dR{x) < dR{y) -b |a; - y| < 60Ao£iQ) + Ao£{Q) = 6lAo£iQ), 


as desired. 

(2) This follows directly from (1). 

(3) If such a, Q' G Stop(i?) does not exist, we get that Q G Tree{R). Then, for all x G Q, 

dR{x) < inf [\x - ZQ'\+£{Q')]<\x - zq\+£{Q) <2£{Q). 

Q'eTree(i?) 

However, since Q G Reg(i?), we get 

(■{Q) < ^ inf 

60 xgQ 

so dR{x) > 60£{Q) for all x G Q. This is a contradiction. 

(4) Since x G Q and Q G Reg(i?), by (fT^ we have dR{x) < £)2 Aq£{Q). Now, since 

dR{x)= IfA [\x- zq,\+£{Q')] 

Q'eTree(i?) 

we obtain that there exists Q' G Tree(R) such that 

|a; - ZQ>\+ I[Q') < £)2Aq£{Q). 


From this, we get 

|x-.o.|< 62 /l,r and 

and, therefore, we have two possibilities: 
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(a) There exists Q" G Tree(i?) with Q' C Q" and £(Q") < r such that B{x,r) C I.IBqh. In such a 

case, since Q" G Tree(B), we have 0^(1 .IBq") < and therefore 

fi[B(x,r) n Bj{] < ft[B(x,r)] < ^(l.lSg//) = 0^,(1.lBQ^^)r(BQ„)" 

< 0 ^(l.lBQ.)r^ < 0 ^(Bn)r^. 

(b) B{x,r) D Br. In this case, 

^l[B{x,r)C^BR] = ^l{BR) = e^{BR)T{BRr < 

□ 


7.2. The suppressed operators Ti^R- 


Fix R G Top and define 




I 

20AI 


dfl(x). 


Lemma 4. Properties of the suppressing function ^r: 

(1) IfxGQ for some Q G Stop(i?), 4*^(2;) < -^£{Q)- 

(2) If X G Good(i?), <I’i{(x) = 0. 

(3) If X G Q for some Q G Reg{R), then ^r{x) > £{Q). 

(4) For all x G Br and all r > ^r{x), 


(13) fx[B{x,r)nBR]<Ci0^{BR)r^. 

Proof. (1) Let Q G Stop(i?) and x G Q. We have 

dR{x) = M [\x- zq>\+£{Q')] < \x-Zq\+£{Q), 

Q'GTree(i?) ^ 

where Q is the parent of Q. Then, 


~ 20712^^^^^^ - 20^22^(0) - 10^2^°^^^) “ lOTo^^^^' 


"^0 


"^0 


(2) If X € Good(i?), there exist arbitrarily small cells Q G Tree{R) that contain x. Therefore, 




(3) This follows directly from (1) in Lemma [31 

(4) First, observe that if a; G R \ UQgReg(fl) *3’ (fT3]) holds for all r > 0, and this can be proved 

arguing as in (4) in Lemma|3]and taking into account that dR{x) = 0. Otherwise, if x G Q for some 
Q G Reg(i?), by (1) in lemma|3]we have that r > £{Q), and so (4) in lemma [3] applies. 

□ 


Lemma 5. For x G R, 

\Krh{x)\ < TiR,*ixBo{R)lJ-)ix) + cOf^iBR), 

where Bq{R) = B{zr,29Aq which is defined in Ul\) . satisfies 0^(i3o(7?)) ~ ^^^{Br). 

Proof. The fact that 0^(i3o(7?)) ~ ^^{Br) follows immediately from R G V’^^. 

Recall that 

KrIJ- = XQTj(Q)ii- 

QeTree(/J) QeTree(i?) 

Now, for X € i?, we have two possibilities: either x G Q for some Q G Stop(i?) or x € Good(i?). 
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(1) Suppose X € Q for some Q G Stop(i?). Then, 





„ MQ)-i \ 

\KrAx)\ = 

AAx) 

= 

/ X! TAx-y)\k{x,y)dAy) 


3 = J(R) 


\3=J{R) ) 


(x - y) - '0j(Q) (x - y)]fc(x, y)dy(y) 



= / I^J(B)(x-y)-i/’j(Q)(x-y)]k(x,y)xBo(ii)(y)M^) 

^ l'^ 2 A~^£(Q)(XBo(Ji)M)(x)l + cd^(Bji) 

^ I'^<I>j,,2A-^((Q)(XBo(R)M)(x)I + IT2A-^((Q)(XBo(R)M)(x) - T^^^2A-^((Q)(XBo(R)M)(x)I + cd^(SB) 

< ^<1‘r,*(XBo(R)M)(x) + M^^(xbo(r)M)(x) + c6^{Br) 

< T<S>n.AXBoiR)fJ‘){x) + cOABr), 

where the penultimate inequality follows from the fact that <&ii(x) < 2Aq^£{Q) and the last one 
from lemma El 

(2) If X G Good(i?), we have 


\KrAx)\ = lim 

N—^oo 


y) - iIjn{x 


Then, for N > J{R) we obtain, arguing as above, that 


y)]k{x,y)dAy) 


{x -y) - ipN^x 


y)]k{x,y)dy{y) 


< \T 2 e N + 1 {XBo{r)A{x) \ +c 9 ABr) 


< \T2fi^+AXBo{R)A{x) - Ti.^,2eM + i{XBo{R)Aix)\ 

+ \T^R,2i^+AxBo{R)Aix)\ + ceABR) 

< MiAXBo{R)y-)ix) + T^RAXBo{R)Aix) + cOABr) 

< T^rAxbo{r)A{x) + cOABr) 


where in the penultimate inequality we used the fact that d>i{(x) = 0 < 2iN+i- Then, letting 
TV —>■ oo, we obtain 

\KrAx)\ < T^rAxbo(r)A{x) + cBABr), 

as desired. 


□ 


7.3. A Cotlar-type inequality. 


Lemma 6. Let R G Top. Then, for all 0 < s < 1, 

(14) nRAfBArR){x) < Cs [MA{{T4fnArRr)nArR){x)i + MAi/HArR^x) 

for all X G Bo{R). 


Proof. Denote v 


/^"Lck- We will prove that for all x G Bo{R) and all e: > 0, 


r<5^_Ei/(x) < Cs 


m^^AA^A^'^AtrKx)"-+M i^Ax) 


By (2) in Lemma El we can limit ourselves to the case e > 4>/j(x). Furthermore, we can assume e > 
£0 := 0.9dist(x,F/}) since otherwise T^^^gv{x) = T$jj_£gZ/(x). Therefore, from now on we will assume 
e > max{$i{(x), 0.9 dist(x, F/j)}. Notice that, in such a case, 'H^{B{x,2e) iTFij) > e". We claim now that, 
for all x' G B{x, 2e) fl F/j) 


\Ti^,ev{x)\ < \Teiy{x')\ + CM^^v{x). 
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(15) 


















From this, the desired result follows easily. Indeed, this implies that for all 0 < s < 1, 

< T,y{x'y + CMl^v{x)y 

and so, taking the ’H" [r^-average for with respect to x' G B{x,2e), we get 

1 f 


\T<S>R,eVix)\" < 


T.i^ixydn^lr^ix') + CMi^i^ixY 


'H^[B{x,2e) n Ffl] ^ 

I B{x,2e) 

< ^ / TM^ydnyryx') + Mi^v{xy 

£ JB{x,2e) 

< Miy{T^uynyTy{x) + Mi^v{xy 

and, exponentiating by i, d follows. 

Let us prove now (fTO . We have 

\T'^>R,eV{x)\ < |r$„_eZ/(a:) - TeV{x)\ + \Tev{x)\ < yi'{x)\ + 
by Lemma El since e > ^r{x). Now, for all x' G B{x, 2e) 

\Tst^{x)\ < yi'ix) - T4 sI^{x)\ + \T4sI^{x)\ 

= y^ix) - T4 ^v{x)\ + \T{xRd\B{x,4eyix)\ 

< yi^{x) - r4eZ/(x)| + \T{xRd\B(^^4^y{x) - T{xMd\B(^^^4^y{x')\ + |T(xRd\B(,,_4g)i/)(a;')| 

< \Teiy{x) - T4siy{x)\ + \T{xRd\B{xAey{x) - T{xRd\B{x,iEy{x')\ 

+ \T{XRd\B{xAey{x') - yvix')\ + \Teld{x')\. 

Now 

dW\{y) < W\[B{x,4:e)] 


\Tevix) - T4ei/(a;)| = 
In addition 


I 


e<\x — y \< 4 e 


k{x,y)dv{y) 


< 


' e <\ x — y \< 4 e 


\x-yY 


yy 


< Ml^v{x). 


\T{XRd\B{xAey{x) - T{xRd\B(xAe)'^)ix')\ = 


l\x-y\>4e 


[k{x,y) - k{x',y)]diy{y) 


< 


\X — X 


l\x—y\>4e \x Vl 


d\v\{y) < Ml^v{x), 


where the last inequality is obtained by taking into account that \x — x'\ < e and splitting the domain of 
integration into annuli {2^e < |a; — y| < 2^+^e}, fc = 2,3,... Finally, 


\T{XRd\B(xAey{x') - Teiy{x’)\ = 


/ k{x',y)di'{y)- k{x',y)dv{y) 

'\y—x\>4e J\y—x'\>e 

( / k{x',y)dv{y) + f k{x',y)dv{y)\ 

\J\y—x\>4E,\y—x'\<e J\y—x\>4e,\y—x'\>e J 

-( / k{x',y)diy{y) + j k{x',y)diy{y)\ 

\J \y—x'\>e,\y—x\>4e J \y—x'\>e,\y—x\<4e j 


/ k{x',y)diy{y)- k{x',y)dv{y) 

' \ y — x \> Ae ,\ y — x'\<e J \ y — x '\> e ,\ y — x\<Ae 


Here, the first integral vanishes, since \x — x'\ < 2e and \y — x\ < e imply that \y — x\ < 3^. Therefore, 
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\T{XVL'i\B{xAe)'^){x') - TeV(x')\ < 


' \y—x'\>e,\y—x\<4e 


< 


< 


k{x,y)dv{y) 

dW\{y) 


J\y—x'\>e,\y—x\<4e Vl 

Wmx.4e)] ^ 


This completes the proof of (fl31l and, hence, of the lemma. 


□ 


7.4. L^-boundedness ofT^ $^. 


Lemma 7. Let R S Top and consider the measure ur = 6^{Br)'H^\yp^. Then, for 1 < p < oo, is 

bounded from LP{aii) to LP{xbo(R)T): "with norm bounded by Cp6^{Bii). Furthermore, is bounded 

from L^{aii) to with norm bounded by C0 p{Br). 

Proof. First of all, we observe that the maximal operator is bounded from L°°{<7r) to L°°{xbq(r)F) 

with norm bounded by C9p{Br). Indeed, if / € L°°{aR), and x G Bq{R) 


= sup - 

r>$H(x) P 


1 


/ B{x,r)nBo{R) 


\f\di4 < 




sup 


fj.[B{x,r) n So(i?)] 




by (4) in lemma [H Therefore, 


as claimed. 


Now, let us check that is bounded from to L^'°°{xbq{r)F) with norm bounded by C6p{Br). 

In fact, we will prove a slightly stronger result, as we will deal with a non-centered version of which 

will be useful for technical reasons. Define, for / G L^^an) and x G 

= sup \f\daR, 

where the supremum is taken over all balls B with x G B and such that fJ,{5B) < Ci9p(Bii){5r{B))^, where 
Cl is the same constant that appears in (4) of lemma 01 Clearly, 

Mf^^^Jix) < K,^^J{x), 

so the weak (1,1) inequality for will follow from that for N^r.-Pr- 

Let / G L^{aR), A > 0, and consider 


nx = {xGBo{R): K^^^J{x)> X} 


By definition of for every a; G Da, there exists a ball containing a; with/i(5Ba;) < Ci0^(B/{)(5r(i?))" 

and such that 


I 

HB^ 



\f\daR > A, 


which is equivalent to 


<jJ \f\d(JR- 
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(16) 









Now, applying the Sr-covering theorem, we may extract a countable and disjoint subfamily {Bi} of {Bx}xeQ\ 
such that the balls {5Bi} cover il\. Then, we have 


(17) 




< 


<0^{Bn)J2- \f\daR< 


d^iBn) 

X 


0^{Bn)Y.r{B,r 

i 


which proves that (and also is bounded from L^{aR) to L^'°^{xbo(R)0) with norm bounded 

by C6f^{Bii)- Then, Marcinkiewicz’s Interpolation Theorem applies and so, for 1 < p < oo is 

bounded from LP^aa) to LP(xbo{R)0) with norm bounded by Cp6^{B]i) 

Notice that (11411 in Lemma can be restated as 

( 18 ) 

Then, taking s = 1 and using the LP{aii) L^(xB(,(ij)/r)-boundedness of we obtain that 

is bounded from LP^an) to LP(xbo(R)0‘) with norm bounded by Cp0p{Bji). 

To deal with the weak (1,1) case, we will need to work a little harder. Going back to (flT^ . with s = ^, 
we get that for / £ L^(cr_R), 

and so, for A > 0, 


M{x G Bo{R)-. r„„,$„.*/(x) > A}) < p Qx G Bo{R)-. 

+ M Qx G BoiR ): Ml^^^Jix) > ^}) 


< l^jxG i?o(i?): M;„,^J(T.,/) = )(x) >[^) OpiBny'ij 

+ M Qx G BoiR) ■■ Ml^^^Jix) > 

Here, the second term is bounded by ll/IUi(CTfi) because of the weak (1, l)-inequality for 

To deal with the first term, we will use the weak (1, l)-inequality (fT71) for Denote 


H = X G BoiR): K«,$«((r.«/)")(^) > 




0)iiBR)" 


so that 


p ( <; X G BoiR): Ml^^^^iiT,J)-yix) > ( ^ ) O^iBR) 




A2 6»^(Bfl)2 Ja 


\TaRfyd^i 


< IH- 


0yBR)2 


As 




A 2 


which implies that p(H) < y ||T'ctr/||li.°=(cth)i and therefore 


^i\{x€BoiR):M:^^^^iiT,J)i)ix)>^0piBR)\\ < < 'RX 




O^Br) 


A 




where we used the fact that T^r is bounded from L^ian) to L^’°°(cr_R) with norm bounded by COf^iBn). 
This completes the proof of the lemma. 
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□ 


We recall here a lemma that is also used at |To3) that will be useful. Its proof is based on the combined 
use of both Marcinkiewicz’s and Riesz-Thorin’s Interpolation Theorems. 

Lemma 8. Let t be a Radon measure in and let T be a linear operator that is bounded in L?{t) with 
norm A^ 2 - Suppose further that both T and its adjoint T* are bounded from L^{t) to with norm 

bounded by Ni. Then N 2 < cNi, where c is an absolute constant. 

Lemma 9. bounded on L‘^(xbo(R)L) with norm bounded by CO^^Br). 

Proof. Since is antisymmetric, by the previous lemma, we can limit ourselves to prove that it is 

bounded from L^(xbo(R)L) to L^’°°{xbo(R)L) with norm bounded by CO^^Bn). 

Let / G L^{xbo{R)) denote Reg(i?) = where we assume that the side-lengths i{Qi) are 

non-increasing. Arguing as in (4) of lemma [31 it is easy to check that every cell Qi is contained in a cell Q' 
such that 0^{Q'f) < 0f,{Bu), Q') < 0^{Bn), Q',nTn^9 and n Tr) ^ . 


Set 


= /XBo(it)\U.QG ^ = 


so that f = g + b. Since Bo{R) \ Ui Q* C Good(i?) and this is contained in T/j (up to a set of ^-measure 
zero), by the Radon-Nikodym theorem we obtain that 

/^LBo(fi:)\lJ. Qi= 

where r] is some function with 0 < rj < C0fj,[BQ{R)] < 0^{B[i). Then, by lemmaH we have that, for A > 0, 
g.{{x G Bq{R): \T^,.s>agix)\ > A}) = p({x G Bo{R): \Tn^^^^^{gg){x)\ > A}) 

(19) = gi{x€ Bo{R): \T^a,^>a{gg){x)\ > 6 l^(Bfl)A}) 


^ 1II II 0f,{BR) SfxiBii) 

< -WgvuLpaR) = —— ugmlLpu^ir^) = 


A' 


A 


L1 (m) 


Now, to deal with we define, for every i > 1 

li{x) = nTj^) Jq XBQ,nrR{x), Vi = (/xqJp - Ii'Htr, 

so that Vi is supported on Bq/ and satishes f dvi = 0 , and we write 

i i 

so that 


Now, again by lemma 13 we get 

( 20 ) 


<x € BoiR ): 


T-S’r i X 


Fb 


(x) 


> A 


= /r ( ■( X G Bo{R): 
1 


< 


< 




A 

0u{Br) 

A 


< 


OfLiBn) 


X 


> Sr,{Br)\ 


lp^r) 

L 1 (A- 


A 


X / 


Fb 


Finally, to deal with the term ^X] ^PPly Chebishev’s inequality to get 
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( 21 ) 


<x e Bo{R ): 


Tc 






> A 


< 


'Bo{R) 


T< 







1 

A 



\T^aR^W+ f 

JBo(R)\2Bq,^ 


|T$„z/i|d/x 


Now, since / di/i = 0, for x ^ ^Bq' we have 


and so 


\T<s>rMx)\ = 

/ k,s,^{x,y)dRi{y) 

_ 

/ [k'i>R{x,y) - k.i,^{x,ZQQ]diyi{y) 




JBq,^ 


< 



\y-ZQ',\ 

|X-ZQ^|"+1 


dWi\{y) ^ 


k-2Q'h+l 


( 22 ) 


/R<i\ 2 Bg 


\T^^Vi\d^ < 


KQ'W 


Ibq(R)\2Bq, F - Zq', 


\n+l 


dy<O^{Bn)M\<0^{BR) f \f\d^,. 

JQi 


On the other hand, 


I2B, 


\T^j,Vi\dn< [ \T^R{.{.fXQi)d)W+ [ |r<[.R( 7 i'Hr^)|d/r 

y J2 Bq, 


< / \T^R{UXQi)d)W 

jQi 

= li + b + b- 


/ \T<i>R{{fxQi)y)W 



\T^R{xmR)\dy 


Now, to bound li we use the fact that for all x G Qi, ^r{x) > i{Qi), by (3) in lemma IH and so 
\k<s>R{x,y)\ < i{Qi) for all x,y G Qi. Hence, 

\T'S>R{{fXQi)d)ix)\ < \f\dd 

and so 

\f\dd<di.iBR) f l/M/x, 

jQi jQi 

by (4) in lemma 01 


To bound b, we observe that for x G 2 Bqi \ Qi, 


\T<i>R{{XQj)d){x)\ 



{x,y)f{y)dy{y) 


< 


1 

\X - ZQi\'^ 



I 2 = 


^^Q'. \Qi 


IB.r((/xq.)m)Mm 


< 


\f\dy 


^^Q'. \Q‘>- 


ZQi 


-dy{x) 


= S^{Q^,Q'i) [ \f\dy<0^{BR) [ \f\dy. 
JQi JQi 


17 


and so 



















Finally, by lemma [7] 


1 ;^ = 


J 2 Bq/ \ J 2 Bq/ 


< 




Q'i 

m(2^q')^ ( / \T,s>j^{ji(TR)\^dfi'j </i(2i3(3') = ||7i||L2(„^) 
1 


H^iQ'.nTR) Jq, 
Gathering the estimates for li, I 2 and I 3 , we obtain 


\m<e^{BR) f \f\d^^. 


I2B, 


\T^^Vi\d^l<9fJ,{BR) [ \f\d^i, 

y jQi 


and so, going back to ((711) and also taking into account (1771) . we obtain 


/r < a; G Bo{R): 


( FI I 


> A < 


I/Mm 


This, together with (1171) and (1701) . imply the weak (1,1) inequality 
^,{{x G B,{R): \T^,^J{x)\ > A}) < 

that we were looking for. □ 

7.5. L^-boundedness ofT,j,^ ^ *. 

Lemma 10. For R G Top, * is bounded in L^(xBo{R)i^) with norm bounded by c0^(i?ij). 

Proof. This is a direct consecuence of Theorem E] and lemma ini taking S = T.^^, u = XBo(R)d- ^-^d Cq « 
dyiBR). □ 


With all these tools at hand, we can prove lemma[71 Indeed, given R G Top, by lemmas [S] and [TO] we have 

\\KRfJ-\\L^{fj.) < \\T'S>RAXBo{R)tJ')\\L^{xRu) + cOfj.{BR)^{R)^ < 6»^(Sfi)/r(i?)2, 
and the desired conclusion follows after squaring both sides and summing over R G Top. 

8. The estimate of 

Given R, R' G Top, R R', {Kr^l, KR'fj)^ = 0 unless i? (~l i?' 0. Then, 


F {KRfj,,KR>fi)fj, = 2 F {KQti-,KRti)fj. 

R.R' GTopjR^R' Q,RGTop,QGR 

Arguing as in M, we can guess that bounding this sum would be relatively easy if 


f Kq^j. = 0 , 

JQ 


but this is, in general, not the case. Indeed, 

= F = F XMTj(^M)d-^ 


MeTree(ii) 

and while it is true that for all M G Tree(i?) 


MeTree(fl) 


IM 


Tj(M){XMh)d^ — 0 


[ Tj{M)h- — 0 
J M 
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by antisimmetry, this does not imply that 









and so 


/ KQfxdn = 0 

Jo 


will not be true in general. Still, the fact that 


Ti{xMfJ-)d^J, = 0 


JM 

for alH > 0 and all M G 2? will be useful, as we will see in the proof of lemma [TT] 

We have 

Q,/JGTop,QC7? R^Top PGStop{R) QGTop,QcP 

= Z! Z Z {TQ,^J.,KR^l)^ 

RGTop PGStop(P) Q€Top,QcP Q^GTree(Q) 

= z z z {TgfJ'PRfAiJ. 

fleTop PeStop(fl) Qgv{p) 

CO 

= z z z z {XQTzfi,KRfi)^L 

PeTop PeStop(p) i=j{p) Qei>i(P) 

OO 

= Z Z Z {XpT^^i,KR^i)^ 

PeTop PGStop(P) i—J{P) 

Now, fixed R € Top, P G Stop(i?) and z > J{P), we define m{J{P),i) as some intermediate number 
between J{P) and i (for example, the integer part of the arithmetic mean of J{P) and i), and we decompose 

p= u ^ 

S£'Dm(j{P),i) '■ SCP 

SO that 

OO 

Z Kr^i)^ = Z Z Z {XpTifJ.,KRn)^ 

Q,PGTop,QCP PeTop PeStop(P) z=J(P) 

OO 

= Z Z Z Z {xsT^^J.,KR^l)f, 

PeTop PeStop(P) i=J{P) SGPm.(j(P),i) 

OO 

^ Z Z Z Z {xsT^{xs^^),KR^^)^^ 

PeTop PeStop(P) i=J{P) SG.Prn.{J{P) ,i) 

OO 

+ Z Z Z Z (xsTi(xRd\5/r),:= NDi + ND 2 

PeTop P£Stop(P) i = J{P) S&'Dm{J{P),i) 

8.1. The estimate of NDi. 

Lemma 11. 

NDi< ^ e^{BR)^fiiR) 

RGTop 

Proof. Recall that 

OO 

NDi = ^ Y Y Z {xsT^{xs^l),KR^l)^ 

PeTop PGStop(P) i—J{P) S^Prri{J{P),i) 

Fix R G Top, P G Stop(i?), i > J{P) and S G 'Dm{J{P),i)- Since 


Ti{xsijJ)dlJ- = 0 , 


19 


we have 


{xsTi{xsfJ-),KiifJ-)p, = [ Ti{xsfJ-)KR^idfi = [ Ti{Xs^J-)[KRfI - Kiifi{zs)]dfi. 

Js Js 

Now, given x G S, since S C P and P G Stop(i?), we have that the cells from Tree(i?) that contain Q are 
the chain in T> that starts in the parent of P and ends in R. Therefore, 

Kr^i{x) = ^ Tq^i{x) 

QGTree(i?): x^Q 
J{P)-1 

jeJ{R) 


\j(^J{R) J 

= J [V'j(iJ) {x-y)- '|/'J(P) (a: - y)] k{x, y)dy{y) 


If we denote 


Cr,p{x, y) = [^j{R) (x-y)- {x - y)] k{x, y) 
it is easy to check that for x,x' G S we have 


\CR,p{x,y) - (R,p{x',y)\ 


< 


\x — X 


{i{P) + \x-y\r+^' 


Therefore, for x G S, 

\KrKx) - KRfi{zs)\ < 


\x - zs\ 


'dist(y,P)<0.01A(, (^(^) + |a; — 


dy{y) 




where the last inequality follows from and so 


\{xsTdxsy),KR^i)^\ < JjRixs^^)\dy 

t 


= f \Pixsy)\dy 

^J(P) Js 


(^j(p) 

j{p) 


^ ^ e^iBn) / \T,ixst^)\dy. 


Now, for X G S, 


and so 


\T^ixs^J-)ix)\ = 


'yes 


(p^{x - y)k{x,y)dy{y) 


< 


(Pi{x - y)k{x,y)dy,{y) 
dfj.{y) 


/i/GS,0.001Ao’"^<| a:-j/|<0.01A“' 


'-y\' 


< 


fi[B{x,omA^^)] 


A-m 

^0 
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Therefore, 


NDi< E E E E \{xsT^{xs^l),KR^l)^\ 

RGTop PeStop(7?) i=J(P) S^T>rn(j(P),i) 

^ J(P)—i f 

- E E E E ^0 " / 9f,4x)dfi{x) 

RGTop PeStop(P) i=J'(P) SGT>rn(j(P),i) ^ 

j( p) r 

< E Wr) E E ^0 ^ / 0 ^ 4 x)d^iix) 

RGTop PGStop(P) i—J(P) ^ 

j(p) i r 

= E E ^0^ E E Of,,i{x)dn{x) 

ReTop Pestop(fl) i=J(P) P'GPi: P'CP"^^' 

___ ___ J(P) _ __ J(P') 

< E E ^0^ E ^0 ^ 9^[1.01Bp,MP'), 

PGTop PeStop(P) P'GP(P) 

We reorganize the previous sum, to obtain 

(23) NDi < E E E E A-^9^[1.01Bp,MP') 

PeTop PGStop(P) P"eTop: P"CPP'eTree(P") 


and from the fact that P' G Tree(P"), we obtain that 0^(l.Oli?p') < 0^(i?p"), so 


(24) 


NDi<E^M(Sfl) E E E A-''"'flip) 

RGTop PGStop(P) P"GTop: P"CP P'GTree{P") 

___ ___ J(P) ___ J(P") 

< E O^iBp) E ^0^ E ()^{Bp„)A- = /i(P") 

PeTop PGStop(P) P"GTop: P"CP 


= E E 


J(Kp//)-J(P") 

Ao = 9^iBp..)fi{P") 


P^Top P"GTop: P"GR 


where, given R,P" G Top with P" C i?, i?p// is the cell from Stop(_R) that contains P". To deal with this 
sum, we need to organize it in trees. To do so, define Stop^(P) = Stop(P) and, for fc > 1, 

Stop^(P) = {Q G T>(P): there exists Q' G Stop^”“^(P) with Q G Stop(Q')} 


so that 

CO 

{P G Top: P C P} = IJ Stop^(P). 

k=l 


This way, renaming P" as P in (IMl) . we have 


NDi < 




J(Rp)-J(P) 

Aq ^ 9^{Bp)fxiP) 


P^Top P^Top: P^R 


___ ___ J(Rp)-J(P) 

= E (^^{Br)Y, E ^0 ^ 0>.iBp)friP) 

PGTop k=l PGStop^(P) 


CO 

< E 0^{Br)Y,a-J E e^iBp)fkiP)hiP)K 

PGTop k^l PGStop^(P) 
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because P G Stop^(i?) J(P) — J{Rp) > k — 1. Then, using Cauchy-Schwarz’s inequality twice, we get 


NDi< ^ E &piBp)^f^{P)\ ( E 

iieTop fc=l \PGStop'=(it) / \PeStop'=(_R) 

oo ^ ^ 

= E^o^ E E d^iBp)^f^iP) 

k=l PsTop \QGStop'“(P) 

^E^oM E (e E o^iBpf^iP) 

k=l \PeTop J \PGTop PeStop'“(P) 

< E (^>^iBRfKR), 

-R^Top 


as desired. 

8.2. The estimate of ND 2 . 
Lemma 12. 

Proof. Recall that 


□ 


ND 2 < E O^iBuff^iR). 

RGTop 


nd2 = E E E E {xsTtiXR-i\sk-),KR^i)fj,. 

RGTop PGStop{R) i=J{P) SGP.rn{j(P),i) 

Fix R G Top, P G Stop(i?), i > J{P) and S G Pm{j{p),i)- We have 

{xsPix-R'i\Sk-),KRk-}tJ. = / TiiXK'i\Sk-)KRk-dfJ- 

Js 

Now, if X G 5', 


7*(xR‘i\sAi)(a;) = / ifi{x-y)k{x,y)d^i{y)= / 


(Pi{x - y)k{x,y)dy{y), 


m‘‘\S Jy^S,0.001A~‘“^<|x-y|<0.01Aj 

SO ri(xR<i\s/r)(x) = 0 unless dist(x,£^\ S) < O.OIAq*. Thus, if we denote 

diS = {xGS: dist{x, E\S) < O.OlT"*} 

we have that 

supp(xsFz(XR<i\s/^)) C diS. 

Then, 

{xsTiiXR‘‘\Sp),KRfJ-)p= TiiXK-i\sd)KRydfi= ^ / Ti{xK,d\sy)KRy,dy. 

JdiS MePi: McS 


Now, for M G Vi with M C S and x G diS fl M, we have 


\Ti{xRd\sy){x)\ = 


(Pi{x - y)k{x,y)dy{y) 


do. 001 A„’“^<|a:-j/|< 0 . 01 A* K 1 /| 






Therefore, 


MeVi-. MCS ddiSnM 

< Y f \KRfi\dfi. 

MeVi-. MCS JdiSnM 


Then, if we denote 


we have 


= [J d^S 

SeT’m(J(P),i) 


E E {xsTi{xM<i\sf^),KRfi)f^ 

i=j(p) seVm(,j(p),i) 


p 

^ E E E 0^[1.O1Sm] / \KRfi\dn 

i=J(P) SeVm{j(P),i) MeVi : MCS JdiSnM 

OO p 

^ E E / \KR^iW 

i=J{P) MeVi - MCP J dj{M)TJm{j{P),j{M))nM 

= E E 0^[1.O1Sm] f \KR^i\d^i. 

P'gTop: P'CP MeTree(P') J dj^M)'Dm(,J(P) ,J{M))nM 


Here we have that ^ 6^i{Bpi) for M G Tree(P'), and therefore 


E E {XsTiiXR<l\Sfj):KRfi)^ 

i=J{P) SeVrr.(J(P).i) 


< Y E / \KR^i\d^, 

P'gTop: P'CP MgTree(P') 


P'gTop: P'CP 


i = J(P') J9i'Drr,{J{P),i)nP' 


\KR^ji\dn. 


Here we use Cauchy-Schwarz’s inequality to get 


E E {xsTi{xR'i\s^J), Kp^i)^ 

i=J(P) ScP„i^j(p)^i) 


^ E ^tJ.{Bp') Y \\^R^^\\LHXp'P)^^{i^i'^rn{J{P),i))(^P']^ 

P'gTop: P'CP i=J{P') 


Now, given R, P' G Top with P' C i?, we set 


fjR.P' = I Y f^l(^i^P^(J(Jip'),i)) 

ii=J(p') 


so that 

nd2 < i: 

^ti.iBp')\\KRfj\\L^xp'P)f^kp' 

-R^Top P'gTop: P'(^R 

OO 

= E E E 

^—1 R^Top Q^Stop^ (R) 
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and here, we use Cauchy-Schwarz’s inequality twice again to get 


ND2<EE E E 

fc-lH€Top \QeStop^(_R) / \QGStop^(7?) 

oo / 

^E E 

fc=lfleTop \QGStop''(fl) 

<E( E [ E E ^m(-®q)Vk.Q 

fc=i yfleTop J \fleTop Qgstop'‘(_R) 

< ( E I E ( E E 

y^^Top j k—1 y-R€Top Q^Stop^(/^) 

where the last inequality follows from lemma O Therefore, if we prove that 


E E E (^i^iBgff^R^Q I ^ I E (^^(BR)^f^{BR) 

k=l \-ReTopQgStop''(_R) / \flGTop 


we will reach the desired conclusion. To do so, recall that for fixed k > 1, R G Top and Q € Stop^(i?) 


— I ^ ^ k[i^i'Bm{J{RQ),i)) k\ QY 


\i=J{Q) 


Now, for i > J{Q), 

k[{^^VmiJiRQ),i))r\Q] = E k{^^S) 

S&'Dm{J{RQ),i)' ScQ 


E k(\xeS- dist(x,R‘^ \S)< i{S) 


: ScQ 


i{S) 


< 


E 


SC'Dm(J(RQ},i) '■ ScQ 

< Af^ ^ KBq), 


ki^-5Bs) 


where the penultimate inequality follows from m- Therefore, 






E ^ kiBQ)] =M(i?Q) E 

\i=JiQ) ^ ^ \i=J{Q) 


JiRQ)- 

- 1 — 

0 


< 


m(^q)^0 


J(Rq)-J(Q) 
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and so 


OO / 

^ X! X! 

k=l \KGTopQeStop'=(fl) 


as desired. 


JfL I „ JiRQ)-J{Q) 

E E MBQff^{BQ)A, = 

fe=l \flGTopQ6Stop'=(fl) 


< 


E^o'^ E E o.iBgrf^iBQ) 


fe=i 


^iJGTopQeStop'“(ii) 


< 


E f^^^{BRf^J.(BR) 

\R^Top 


< 


E I , 

I i?GTop 


□ 


9. The proof of the main lemma [U 

This is a straightforward consequence of lemmas [2l [TTl [T^ and IdI Indeed, going back to section 6 , 


{Kr^^Kr!^) 

RGTop R,R' GTop 


Now, by lemma m 


E E (^k^iBRfKR). 

R^Top R^Top 


and by lemmas [TT] and [T^] 


E {KRf^,BR'fJ-)k 

R,R'eTop 


< 


E e^{BR)^fi{R), 


RGTop 


SO 


II^mIIl2(^)< E ^ IIa^II + Pfi,2i^AWf,[B{x,r)]^dn{x), 


RGTop 


as desired. 


10. The proof of Corollary [T] 

The key idea behind the proof is to use Volberg’s characterization of Lipschitz harmonic capacity 0 
Lemma 5.15], which states that 

k{E) Ri sup^(iil), 

where the supremum is taken over all positive Borel measures /r supported on E such that fj,[B{x,r)] < r" 
for all X € ]R"'+^ and all r > 0 and such that the n-dimensional Riesz transform TZ with respect to /i is 
bounded in T^(/r) with norm < 1 . 

Then, to prove Corollary [H let fj,he a positive Borel measure supported on E satisfying ([HI). Then, clearly 
fi[B{x,r)] < r" for all x G and all r > 0, and furthermore, applying Theorem [1] we get that TZ^j, is 

bounded in and its norm is bounded by some absolute constant. Therefore, for an appropriate multiple 

p of /X we have that p[i?(a;,r)] < r" and || 7 ^i/||L 2 (y)^z, 2 (j,) < 1, and so ^l{E) < r{E) < k{E), as desired. 
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